Introduction
Each of the equations: has two of its roots 1 2 (1 5) ± , because each polynomial has x 2 -x -1 as factor. The positive root of (1.1) is numerically equal to φ, the Golden Ratio, known since the time of Euclid [1] . Simply, φ is the ratio of two line segments (major/minor) and simultaneously the ratio of the total line length over the major line segment (that is, both ratios are equal). For notational convenience, we let 1 -φ = ψ.
Furthermore, φ is essential to a multitude of natural patterns, from sunflower florets to the shapes of galaxies and has been studied extensively over the centuries. In 1509 Pacioli published a three volume treatise on the "Divine Proportion", that is φ. The ratio has been used in the novel Goldpoint Geometry [2] . We consider here some other properties of φ to generalize some wellknown second order recursive sequences.
The Golden Ratio and Fibonacci numbers
The powers of φ are related to the elements of the Fibonacci sequence, {Fn} [3] :
These power relations were known to Euler (1707-1783) and de Moivre (1667-1754) and rediscovered by Binet (1786-1856), one of the discoverers of the formula for the general term of the Fibonacci sequence [4] :
We note the corresponding formula for the general term of the Lucas sequence: where m is the number of end digits Thus, for m = 3 the periodicity of the three end digits is 1500. This can lead to relatively large decimal repeat patterns for the golden ratio:
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in a manner analogous to that of [7] . k ∈ Z here is associated with generalized Pell {Pk,n} and Companion-Pell sequences {Qk,n} [8] which satisfy the linear homogeneous second order recurrence relation:
with initial conditions (for notational convenience) Pk,0 = 1, Pk,1 = k, Qk,0 = 2, Qk,1 = k, to include traditional Fibonacci, Lucas, Pell and Companion-Pell sequences and their generalizations as we see in Tables 1 and 2 .
In Horadam's notation [9] these are {Fk,n (1, k; k, -1)}, {Lk,n (2, k; k, -1)}. These are extensions of [10] . The cases {wk,n (a, b; 1, -q)} are different but similar. Examples of (2.6) and 2.7 include Thus, Equations (2.6), (2.7) and (2.8) generate the traditional Binet formulas for the general terms [11] ; that is, , 4 2 ,
We see then that as a generalization of (2.5):
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with initial conditions as before, so that, for instance, {P1,m,n} ≡ {Fn}, {P2,1,n} ≡ {Pn}, the ordinary Pell numbers. This is an extension of [12] . We shall specifically focus on {P2,m,n} here; that is, . If we wish to extend to an arbitrary order matrix, r, for modifications of the van der Laan and Pell-Padovan sequences [13] we can use matrices ,  .  2  1  ,  ,  2   1  ,  ,  2  ,  ,  2  2  2 ) ( .
The last two matrices can obviously be used to generate properties analogous to well-known Fibonacci sequence properties. It would also seem that for analogues of the Simson identity: 2 2 det (1) ( 1) 1
det (3) ( 1) 13
det (4) ( 1) 29 with initial conditions Sk,m,n = n + 1, n = 0, 1, 2, …, r -1. For instance, when r = 3 and k = 2, we get the sequences set out in 
as a variation of Simson's identity. Somewhat similar ideas for extensions may be found in [14] .
It is also of interest to explore some of the properties of Tables 2 and 3 . For example, Equation (2.8) is a partial difference equation with n as the variable, and we have so far considered the row sequences of these tables. If however we make k the variable (that is, consider the column sequences), then it can be readily confirmed by calculation from Table 2 that , when k is odd the sum of squares must equal 4r + 1 or a. This provides a link between the two golden ratio families, and also with primitive Pythagorean triples [16] .
